Magnetic phase diagram of a spatially anisotropic, frustrated spin-1 2 Heisenberg antiferromagnet on a stacked square lattice is investigated using second-order spin-wave expansion. The effects of interlayer coupling and the spatial anisotropy on the magnetic ordering of two ordered ground states are explicitly studied. It is shown that with increase in next nearest neighbor frustration the second-order corrections play a significant role in stabilizing the magnetization. We obtain two ordered magnetic phases (Neél and stripe) separated by a paramagnetic disordered phase. Within second-order spin-wave expansion we find that the width of the disordered phase diminishes with increase in the interlayer coupling or with decrease in spatial anisotropy but it does not disappear.
I. INTRODUCTION
Availability of new magnetic materials and the recent discovery of superconductivity at relatively high temperatures in the iron pnictide family of materials have spurred a flurry of interest in understanding the properties of frustrated magnets. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] For the last two decades the properties of quantum spin- 1 2 Heisenberg antiferromagnet (HAFM) with nearest neighbor (NN) J 1 and next nearest neighbor exchange interactions (NNN) J 2 on a square lattice have been studied extensively by various analytical and numerical techniques. It is now well established that at low temperatures these systems exhibit new types of magnetic order and novel quantum phases. For η < η 1c the square lattice is AF-ordered whereas for η > η 2c a degenerate collinear antiferromagnetic (CAF) stripe phase emerges. Experimentally by applying high pressure the ground state phase diagram of these frustrated spin systems can be explored from low η = J 2 /J 1 to high η. For example in Li 2 VOSiO 4 X-ray diffraction measurements show that the value of η decreases by about 40% with increase in pressure from zero to 7.6 GPa. 44 Moreover, nuclear magnetic resonance, magnetization, specific heat, and muon spin rotation measurements on the compounds Li 2 VOSiO 4 , Li 2 VOGeO 4 , VOMoO 4 , and BaCdVO(PO 4 ) 2 show significant coupling between NN and NNN neighbors. [6] [7] [8] In addition these experiments on Li 2 VOSiO 4 have shown that it undergoes a phase transition at a low temperature (2.8 K) to collinear AF order with magnetic moments lying in the a − b plane with J 2 + J 1 ∼ 8.2 (1) K and J 2 /J 1 ∼ 1.1(1).
8,9
A generalization of the frustrated J 1 −J 2 model is the J 1 −J Recently using second-order spin-wave expansion the effects of directional anisotropy on the spin-wave energy dispersion, renormalized spin-wave velocities, and magnetizations for the two ordered phases have been studied in detail. 23 It has been found that the spatial anisotropy reduces the width of the disordered phase.
Although much efforts have been made to understand the properties of two dimensional (2D) frustrated magnets research on three dimensional (3D) systems has been limited.
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Earlier work on HAFM on the pyrochlore lattice 56 and on the stacked kagome lattice [57] [58] [59] [60] showed existence of a magnetically disordered phase. Another example is the recently discovered iron pnictide superconductors. 11 The parent phases of these materials have been found to be metallic but with AF order and magnetic excitations have shown to play an important role in the superconducting state.
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Although magnetism in these materials are still debated neutron scattering spectra for the pnictides show sharp spin-waves. 67 These studies have also revealed that the parent compounds exhibit a columnar antiferromagnetic ordering with a staggered magnetic moment of (0.3 − 0.4)µ B in LaOFeAs and (0.8 − 1.01)µ B in Sr(Ba,Ca)Fe 2 As 2 . 14,67 Moreover, at low temperatures there is orthorhombic distortion and the exchange constants have been found to be substantially anisotropic. 68, 69 Motivated by the observation of spatially anisotropic exchange constants in these materials the spin-wave spectra and the low-temperature phases of the model can be studied by the spatially anisotropic
Heisenberg model on a square lattice with NN exchanges J 1 along the x axis, J ′ 1 along the y axis, and NNN interactions J 2 along the diagonals in the xy plane. Recent experiments on iron-based superconductors such as undoped iron oxypnictides reveal that the electronic couplings are more three dimensional than in the cuprate superconductors. 67, 70, 71 With decrease in temperature most undoped iron-pnictide superconductors show a structural transition from a tetragonal paramagnetic phase to a orthorhombic phase. In the 122 materials a three dimensional long-range antiferromagnetic order develops simultaneously. 73 In the context of iron pnictides this model has been studied using linear spin-wave theory (LSWT) to obtain the spin-wave energy dispersion and the sublattice magnetization. 66 However, to our knowledge this model has not been studied using higher order spin-wave expansion. We will find that secondorder corrections due to quantum fluctuations increase substantially as the classical phase transition point is approached. As a result the magnetic phase diagram obtained from second-order spin-wave expansion differs significantly from the phase diagram obtained by LSWT.
In this work we investigate the magnetic phase diagram of the J 1 −J ′ 1 −J 2 −J ⊥ Heisenberg AF on a stacked square lattice. We use spin-wave expansion based on Holstein-Primakoff transformation up to second-order in 1/S to numerically calculate the sublattice magnetization for each of the two ordered magnetic phases. The paper is organized as follows.
Section II provides an introduction to the Hamiltonian for the Heisenberg spin- 
This Hamiltonian is mapped into an equivalent Hamiltonian of interacting bosons by transforming the spin operators to bosonic creation and annihilation operators a † , a for "up" and b † , b for "down" sublattices using the Holstein-Primakoff transformations keeping only terms up to the order of 1/S
In powers of 1/S the Hamiltonian is now written as
The first term corresponds to the classical energy of the AF ground state (Eq. 2). Then the real space Hamiltonian is transformed to the k-space Hamiltonian. Momentum k is defined in the first Brillouin zone (BZ): −π < k x ≤ π, −π < k y ≤ π, −π < k z ≤ π (with unit lattice spacings). Next we diagonalize the quadratic part H 0 by transforming the operators a k and b k to magnon operators α k and β k using the Bogoliubov (BG) transformations
where the coefficients l k and m k are defined as
with
γ k is negative in certain parts of the first BZ -so it is essential to keep track of the sign of γ k through the function sgn(γ k ). After these transformations, the quadratic part of the Hamiltonian becomes
The first term is the zero-point energy and the second term represents the excitation energy of the magnons within LSWT.
The part H 1 corresponds to 1/S correction to the Hamiltonian. We follow the same procedure as described above. The resulting expression after transforming the bosonic operators to the magnon operators is
In the above equation three-dimensional momenta k 1 , k 2 , k 3 , k 4 are abbreviated as 1, 2, 3, and 4. The first term in Eq. 10 is obtained by setting the products of four boson operators into normal ordered forms with respect to the magnon operators, where A k and B k are
The second term in Eq. 10 represents scattering between spin-waves where the three- Here we provide two of the vertex factors that are needed to calculate the magnetization.
They are
The second order term, H 2 is composed of six boson operators. After transformation to magnon operators α k , β k the Hamiltonian in normal ordered form reduces to
The dotted terms contribute to higher than second-order corrections and are thus omitted in our calculations. The coefficients C 1k and C 2k are
After defining the renormalized Green's function as in Ref.
23 the first and second order self-energies are written as
where [k + p − q] is mapped to (k + p − q) in the first BZ by the reciprocal vector G.
The magnetization M defined as the average of the spin operator S z on a given sublattice (say A) is expressed as
where
The zeroth-order term ∆S corresponds to the reduction of magnetization within LSWT, M 1 term corresponds to the first-order 1/S correction, and M 2 is the second-order correction.
The Hamiltonian describing the CAF phase is
The procedure is same as the AF phase. For this phase the structure factors γ ′ 1k , γ ′ 2k along with other quantities required for the calculations are defined as
The coefficients that appear in the Hamiltonian H 1 are
H 0 , H 1 , and H 2 can be expressed in the same forms as in Eqs. Another feature we observe from our data is that with decrease in spatial anisotropy ζ the width of the disordered region (η 2c − η 1c ) diminishes but it never disappears. This is shown Heisenberg AF on a fully frustrated simple cubic lattice where we have the additional J 2 interactions in the xz and yz planes. In that case it has been shown that there is a direct first-order phase transition from the AF to the CAF phase. Spin-wave expansion for the CAF phase becomes unreliable for ζ near 1. We thus extrapolate our data to obtain η 2c ≈ 0.53 for ζ = 1. The width of the disordered region (η 2c − η 1c ) increases with the anisotropy parameter ζ.
IV. CONCLUSIONS
In this work using second-order spin-wave expansion we have studied the effects of interlayer coupling and directional anisotropy on the magnetic phase diagram of a frustrated spin- 1 2 Heisenberg antiferromagnet on a stacked square lattice. Linear spin-wave theory calculations for this model show that for small interlayer coupling there are two magnetic ordered phases, AF and CAF which are separated by a disordered paramagnetic state. However when the interlayer coupling exceeds a critical value the disordered paramagnetic phase disappears and then there is a direct first-order phase transition from the AF to the CAF phase. Recent numerical calculations using coupled cluster and rotation-invariant Green's function methods support this picture. 72, 73 With our second-order spin-wave expansion we have found that with increase in next nearest neighbor frustration, 1/S 2 corrections play a significant role in stabilizing the magnetization as the classical phase transition point is approached. As expected from linear spin-wave theory we have found that there are two ordered magnetic phases (Neél and stripe) which are separated by a paramagnetic disor- antiferromagnet.
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However, with increase in the interlayer coupling we have found that the parameter region of this disordered phase does not disappear. Our obtained phase diagram is significantly different from the phase diagram obtained using linear spin-wave theory which predicts a direct first order phase transition from the AF to the CAF phase beyond a critical value of interlayer coupling. In summary with our present approach based on second-order spin wave expansion we do not find existence of any critical interlayer coupling (or spatial anisotropy) beyond (or below) which there is a direct transition from one phase to the other ordered phase.
